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SOME REMARKS OR THE BJUILIBRU OF C STSTEIC 

by 

Kenneth J.  Arrow and  Leonid Hurvict'*' 

i 

i.     ürüSH£f3£H 

1.1 In an earlier faper dealing with problems of stability, we 

asserted that the competitive equilibrium Is unique If the excess demand 

functions satisfy the weak axiom of revealed preference ([k],   p. 53^)' 

This assertion is correct if the equilibrium set is assumed to consist of 

Isolated points, but examples can be constructed (see 1,5 below) where 

there Is a multiplicity of (non-isolated) equilibrium points.  In general, 

one Is only entitled to say that the equilibrium set is convex.  Hence, in 

Theorem 2 of [^1* the term "unique" should be replaced by "convex," with the 

1/ 
assertion concerning stability remaining unchanged. Thus we obtain-' 

Theorem 1«  If the aggregate excess demand functions satisfy the 

weak axiom of revealed preference, then (a) the instantaneous adjustment 

process iß atable (whether or not there is a numeraire), and (b) the set 

of equilibrium points is convex. 

('    ParticiPa'tion niade possible by a Rockefeller Foundation grant. 

y    We use the notations and definitions of [k].    Unlike [k],  we do not 
ignore "corner" equilibria (where 9.   < 0   with P » 0). 
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Proof.     (•)    A« e»s«ati«lly «hotra In [kl, the we** mxlom of revealed 

preference implies ttml. 

(1) y      P   x   > 0    unless    \ ^ 0   r°r a11-    k • Öi   »«•#■• 
k«0 

th 
where    x.   - ^(P)  >  the   -'xcess demand for the k      proof at price vector 

P,    and    P    is any equilibrium price vector.    I^t, 

m 

(2) (P.-Pk)
2/2 - D-2/2  , 

where D_ is the (Euclidean) distance from the given price vector P(t) 

on the solution (of the differential system (3) below) to any equilibrium 

price vector P .  If there is no numeraire, the dynamic system defining 

the motion of the prices is. 

(3) dPk/dt 
if P, » 0,  x. < 0 

k      K 

otherwise. 

(The condition in the first line prevents prices from becoming negative.) 

Let, 

(*) T - [k: Pk - 0, ^ < 0], 

T its complement. Then, along the path, 

(5) 
ra 

E 
k-0 

dvp/dt. r- (pk -p^/at. E:<VV \ 

ra 

n (pk - pk) \ - 
k^Ö      K        k      K      k € T 

k € T 

(Pk " Pk)  \ 

i_ p^- fz \\- z: Vk+ 5Z \\ 
fcö   KK    te k€T    KK    keT 

«Hb. 



fli» tint Urti walshM by MLfW* lMI<    fty dtfinltl«» of   T,    PM • 0# 

x,. < 0    for ail    k c T:    theref-jrc,  the thin! tmrm v»GisheB and UM fourth 

li non-positive.    Fron:  (I),  it follows that 

(6) dV_/dt < 0    unless    P(t)    is an equlllbriujs point. 
P 

If the equilibrium price vector    P    were known to be unique,   then it 

2/ 
would follow by I^apunov's so-called second method-7 that the solution 

^(tj P ) must converge to P . 

But even if there ie a possibility of non-uniqueness of equilibrium, 

we may conclude that (i) the solution path is bounded (since its distance 

from any given equilibrium point is non-increasing), and (ii) any limit 

point of the path must itself be an equilibrium point-'. Given (i) and 

(ii), by reasoning analogous to that of [l] , we then conclude that con- 

vergence to some equilibrium point will take place, which (by definition) 

means that the system is globally stable. 

We have so far assumed that there Is no numeraire, so that the dynamics 

are described by (3). If commodity 0 is the numeraire, then (3) con- 

tinues to hold for k > 1, while, 

P  £ P  , 0    0 

where P  is a positive number (1 if the units are chosen properly). Then 

(5) becomes, 

2 
-J  See, for example, [3], p. 12k. 

Thi s can be proved by the method of [3 J• 

-» The proof of convergence in Lemma 6 of [1], pp. 97-8, (following eq.(U)) 
goes over except that the Euclidean norm replaces that based on the maximal 
component of the vector. 

■ 

\ 
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k / 0 

(P - P ) Xä . 
* o  o' o 

Since F » P , the last term vanishes; the first four terras are theJuune 

as before, so that (6) again holds, and we have global stability of the 

system. 

(b) Let P (a » 1,2, ...) be two equilibria price vectors and P* a con- 

vex combination of them, say P*=\P + (l-\) F, 0<\<1. Consider 

the solution t(t; P*)  starting from P*, and suppose that P* is not 

an equilibrium point. Then, for both a = 1 and (2 = 2, by (6), the 

distance D[t(t;P*), P ] from the moving point to the equilibrium point 

Pa is less than the distance D[P*, P0]  from P* to P0 if t > 0.  Hence 

—1 —? 
the sum D[f(t; P*), P ] + D[ijr(t; P*) P ]  of the distances from the moving 

point to the two equilibria must be less than the sum of the distances 

D[P*, P1] + D[P*, P2 ]  from P* to the two equilibria. But P* lies on 

-1     -2 a straight line segment between P  and P , and hence must minimize the 

sum of distances from any point to the two equilibria. This contradiction 

shows that P* must be an equilibrium point and hence that any convex 

combination of equilibria must Itself be equilibrium.. 

1,2. Remark.  The "dynamic" approach used in the preceding proof of 

the convexity of the set of equilibrium points is natural to use in con- 

nection with investigations of stability and has the merit of applica- 

bility In more general situations. However, for the case of weak revealed 

■• MB   : 
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!, • dlr»et •»tAtle* proof «»a «IK? b* glveo.    fctt «JRIQ 

I* ■ Xf^ ♦ (1-*.) ?   #  0 < X < 1 # and denote by    x^ ,  b • 0,1,   ..., a  ,   the 
f K 

exce»» aeaftrid at    P*   for the   k      eooA.    Suppose    P*    Is not an equillbrlsÄ 

point.    Then,  by  (1), 

(3) S *>'* *o for   a « 1,P,,   ...,. 

Hence 

(M -1 g _ g 

k»0 k=0 

m rn 

■ ^ 7yi<+ (i->-) F'Pvx 

k=0 k   k 
2  * 
kXk 

>     0 

m 
which contradicts the Walras law requirement that ^>  P* x* ■ 0. 

k=0 

1.3.  It can be noted that the proof of Theorem 1 made use of the weak 

axiom of revealed preference only to establish (l). That is, it was only 

used to compare the excess demands at an equilibrium price vector with that 

at a disequilibrium price vector. We may therefore strengthen Theorem 1 to 

Theorem 2.  If the aggregate excess demand functions F (p) satisfy 

the condition that 

m 

k-0 

whenever P Is aa equilibrium and P is not, then the instantaneous adjust- 

ment process is stable (whether or not there Is a numeraire), and the set of 

equilibrium points is convex. 

It. i 



l,k.    In  [1], hemm  % It was ahovn that the hyfottesia  of Theorea 2 

was valid If «U.1 ccratnodltles vere stroog gross substitutes (bf^/bp^ > 0 

for r fi B).     In this case, the last part of the theorem la urünterestlng 

because the equHibrium is in fact unique.  However, a modification of the 

proof shows that the lemma is still valid for weak gross substitutes 

(OF /3p > 0 for r ^ s) (see [2], Theorem l).  Hence, 

Corollary; If all commodities are weak gross substitutes, the in- 

stantaneous adjustment process is stable and the set of equilibria is convex. 

[ Related results are to be found in unpublished papers by Uzawa, 

McKenzie, and Morishima.] 

1,5. Finally, it may be useful to give two examples of non-unique 

equilibrium in which the weak axiom of revealed preference holds for the 

aggregate excess demand functions. This will certainly be true if there is 

only one individual in the market or, more generally, if the aggregate excess 

demand function could be that of a single utility-maximizing individual. 

In the following examples, E is the initial endowment,  I the indiffer- 

1     _2 
ence curve through E , and P  and F  two possible budget lines through 

E such that the individual will in fact demand Ej hence the negative of 

the slope of either line is an equilibrium price ratio. 
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Figure 1 
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Figure 2 



In th» first «»»pi«, Dm piwtlillltjr of mukltipf »quillbriat rmsf on 

a (coaBodlty apace) comer Mudmltatlon of ut.lilt|i Clot« thl» i« not. the 

as a (price space) corner equilibrium of the aarket since »uppiy eouals deaandj 

acwi both prices can be positive.]    It requires that there exist no initial 

endowment of cormaodlty 1, a condition which is i omewhat peculiar for a pure 
I 

exchange economy but which is natural enough in a production economy.    The 

second example requires a kink in the Indifference curve, again a condition 
■■       •        I H 

very possible in an economy with production but which U   '-"onslstent with 
- 

the smooth indifference curves usually postulated for a pure exchange economy. 

■-■■■■ ■ . .        M 

2.       Existence 
■■■■••■ 

A clarification is also in order concerning a statement {{h},  p. 52?) 

that the continuity and single-valuedness of the excess demand functions 

(with positive homogeneity of degree zero and Walx-as' law also assumed) imply 
1 

j 

the existence of a competitive equilibrium. This statement is correct If 

continuity is understood in the usual sense, so that the function is flnite- 

valued everywhere. However, it is frequently convenient to permit the excess 

I 
demand for a good to tend to infinity as its price tends to zero. This will 

j 

be true of any commodity which always lias a positive marginal utility (cf. [h], 

Theorem 7)j in [ll, Lemma 1, infinite excess demands are shown to be a con- 

sequence of strong gross substitutabllity. 

In such cases, the concept of continuity may be broadened to permit an 
1 

infinite value for F. (P) and continuity defined by the condition 

n 
Urn  F.{P ) mm    Tor any sequence {P1 } such that P -» P (cf.[^l, foot- 

n -♦ co 

note 36, p. 5^1)• With this definition, it is true that continuity, single- 

valuedness and the boundedness from below of the excess demand function 

I 
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Ct©g«il*er Kfltli mm&m<Bity mnä Ihtlf»«* Im/}    l«pljr tli« •Eistest« ot ©o^«i- 

lt.lv« «q-ttillbri«.    SouadiedM»« from b«loir it ttm amt$  for example, uader 

pwr« trn4e (absenc« of productloa) vimm the excees suppig caimot b« higli«r 

tlmn the initial endmrasent. 

The following example shows that the condition of boundedness from 

below cannot be despensed wlth*-^     Let    m « 1  (i.e.,  only one coramodlty 

other than numeraire),    p » -—    (the price of the non-numeraire good in terms 
/ o 

of numeraire),   the excess demand for numeraire    x    *  -p,     the excess demand 

for the non-numeraire good    x.   = + 1    for all    £.     Then all the conditions 

other than boundedness from below arc satisfied,  yet equilibrium obviously 

does not exist since tae excess demand for the non-numeraire good is always 

positive. 

3*  Inferior Goods and Giffen's Paradox 

The need for the following correction is [4] has been pointed out to us 

by Robert Mundell. On p. 5^2 we note that, "'Glffen's paradox' must be absent 

(a good cannot be 'inferior') at a unique equilibrium point in the case of two 

goods." The statement is correct except for the assertion in parentheses which, 

of course, is not equivalent to the presence of Glffen's paradox. The follow- 

ing example illustrates this point. 

let the economy consist of one individual whose utility function for the 

two points x , x  is given by the admittedly formidable looking function 

U(V X^ . ,o(,o) 4 ^ 

5/ It may, of course, be replaced by other conditions. 

1 
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Wh«!"« 

ox  o' 

ami 

-ln(2- x^)   for x < 1 
o o ■ 

2 /      2xo ' ^        -1 — (arc tan   — arc tan — 
ß rr /3 

for x > 1 
o 

/n(2 +2x ) 

Here, x , x , are excess demands; x, » X - X. (k = 0, l), where X, Is 

the quantity demanded and X, the initial endowment. Hence, at equilibrium, 

x « 0 (k « 0, 1). (It is assumed that X? < 1 .) 

It may be varified that the marginal utilities are positive and the 

utility function is quasi-concave. With commodity 0 as numeraire and p 

the price of commodity 1 , the budget constraint is 

X + pXn o  ^1 
M 

where    M    is income,  or    x    + px,   »■- M* ,  where    M* = M — X    - pX,   .    Vfhen 
ol ol 

utility is maximized subject to this constraint,  the excess demand  (when 

x    < 1)    is given by o = 

x    ■ 2(M* + p  - 1) o 

x.   ■ 2 . 1 p 

With M = 0, at equilibrium (which is at x0 « x^ « 0 so that p » l), 

commodity 1 is an inferior good, since ^~ m  ^~- ■1 < 0.  On 

the other hand, holding M constant. 
p«p«l 

i 
S.     w- H 

WL 



►II' 

und ev&iuÄtln« at    p m p * i  ,  wm Mvm 

mL 

^~ - ^T - - ^ (2'**} 

p 

. - 2 4- 3^ < 0     , 

and 

^ *  - 2(i-X^) < 0   ', 

hence the Giffen paradox is absent,  as was to be expected. 

mm*^:si'MWilil<»*llWHi 

**mmwL':-' '^^''i**«w^p»^ii]iaww*ii 

1 
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